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Abstract
We explicitly extract the structure of higher-derivative curvature-squared terms at
genus 0 and 1 in the d = 4 heterotic string effective action compactified on symmetric
orbifolds by computing on-shell S-matrix superstring amplitudes. In particular, this is
done within the context of calculating the graviton 4-point amplitude. We also discuss
the moduli-dependent gravitational threshold corrections to the coupling associated
with the CP even quadratic curvature terms.
1. Introduction
It is a well known fact that perturbative string theory contains the pure Einstein-Hilbert
action. A priori, there is no reason why higher-derivative gravitational terms could not also
be present in the action of strings and superstrings. Recently, it has been shown that higher-
derivative supergravity terms can provide a new mechanism for supersymmetry breaking in
d = 2 and d = 4 supergravity models [3] and, hence, such terms could be fundamentally
important. An attempt to determine this question was made within the context of super-
string compactifications on ZN symmetric orbifolds in [4]. It was demonstrated, using light
field one-loop radiative corrections to the string effective Lagrangian, that higher-derivative
supergravitational terms can arise in string theory and, importantly, that they need not be
in the topological Gauß-Bonnet combination. However, this discussion was not conclusive
since the radiative contributions of the infinite tower of massive states was not included in
the calculation. It is possible, although it was argued that it was unlikely, that these mas-
sive contributions would cancel the higher-derivative terms generated by the light fields. It
seems clear that the only way to resolve this issue is to do complete genus-0 and genus-1
superstring amplitude calculations, since such calculations include both massless and mas-
sive states. One would then attempt to construct the string action associated with these
amplitudes. In this way one could explore the interesting question of whether or not string
theory can completely fix the curvature squared terms in its action, at least to the genus-1
level. The answer to this problem is the subject of this paper.
2. String S-Matrix
The perturbative S-matrix approach consists of finding a local gauge-invariant effective La-
grangian L whose associated S-matrix elements coincide with the string S-matrix. More
precisely this means that the effective action, which is a power series in the external mo-
menta k2α′ and the string coupling constant gs, reproduces the kinematic structure of the
string amplitudes.
We start by giving the most general ansatz for the bosonic part of the CP even gravita-
tional Lagrangian
L = √g
{ 1
2κ2
R + a Rµρν
σRµρνσ + b RµνR
µν + c R2
}
(1)
where κ is the four dimensional gravitational coupling constant. In the following we set
2κ2 = 1 and reintroduce it later for special purposes. We are not considering the CP -odd
part of the gravitational action here, which is given by a topological invariant, the first
Pontrjagin class in four dimensions. The aim is to try to fix the unknown coefficients a, b
and c by calculating string amplitudes.
In order to find the appropriate n-point string amplitudes, we expand the above La-
grangian around the flat background metric gµν = ηµν+hµν . The inverse metric is then given
by a power series expansion gµν = ηµν−hµν+(h2)µν−. . . and hµν = ηµρηνσhρσ. Furthermore,
in order to correspond to the on-shell fluctuations described by the string graviton-vertex
operator, we demand that hµν satisfies the harmonic gauge conditions for a massless spin 2
1
field, namely ✷hµν = 0, ∂
µhµν = 0 and the tracelessness condition h = 0. Expanding the
curvature terms in equation (1) in terms of h, the first non-vanishing contributions arise at
the 3-point level [7]. These are
√
gR|h3 = hµν (h, µνh) + 2hµν , σ hνρ, µ hρσ
→ (k2ǫ1k2)(ǫ2ǫ3) + 2(k3ǫ2ǫ3ǫ1k2) + cyclic perm. (2)√
gRµρν
σRµρνσ|h3 = hµν ,ρ λ hρσ hσλ,µν
→ (k1ǫ3k1)(k3ǫ2ǫ1k3) + cyclic perm. (3)
where the notation (h, µν h) = (∂µ∂νhρσ) h
ρσ has been used. We have also introduced the
tranformation to the momentum space, replacing i∂ → k, and replaced hµν → ǫµν , where
ǫµν is the graviton polarization tensor. Note that this polarization tensor satisfies the same
differential and tracelessness conditions as hµν . Unfortunately, the kinematic structure of
RµνR
µν and R2 are such that they must vanish when expanded in hµν to the 3-point level.
That is √
gRµνR
µν |h3 =
√
gR2
∣∣∣
h3
= 0 (4)
Therefore, a 3-point string amplitude with three on-shell external gravitational vertex op-
erators can produce only the first two terms of the effective Lagrangian L. The other two
terms may exist in the effective Lagrangian, but this cannot be determined at the 3-point
level. Fortunately, at the level of 4-point amplitudes (and higher), the Ricci squared and
curvature scalar squared terms no longer vanish. That is, at the level of 4-point amplitudes√
gRµνR
µν
∣∣∣
h4
and
√
gR2
∣∣∣
h4
are non-zero. In the expansion up to order h4 of the curva-
ture squared terms, it is sufficient for our purposes to isolate only certain terms, which are
particular combinations of the polarization tensors, namely
√
gRµρν
σRµρνσ|h4 =
(1
8
u2 +
3
2
s2
)
E2 +
(1
8
t2 − 1
4
s2
)
E1 + · · · (5)
√
gRµνR
µν |h4 =
1
4
s2E2 +
( 1
16
t2 +
1
8
s2
)
E1 + · · · (6)
√
gR2
∣∣∣
h4
=
9
16
s2E1 + · · · (7)
where s = −2k1 · k2, t = −2k1 · k3 and u = −2k1 · k4 are the Mandelstam variables and we
introduce E1 = (ǫ1 ǫ2)(ǫ3ǫ4) and E2 = (ǫ1ǫ2ǫ4ǫ3), using the matrix notation (ǫ1ǫ2) = ǫ1µνǫ2
µν .
At tree level, both the 3- and 4-point graviton amplitudes for the heterotic string in d = 4
have already been studied in e.g. [7],[12],[17],[8]. The O(k2) part of the 3-point tree level
amplitude corresponds to the curvature scalar R and, therefore, reproduces the Einstein-
Hilbert action. Additionally, it gives the relation 2κ2 = g2sα
′ beween the gravitational and
string coupling constants. The O(k4) terms in the 3-point amplitudes can only give rise to
one of the curvature squared terms, as discussed above, so we won’t discuss them here. All
three curvature squared terms arise at order O(k4) in the four-graviton amplitude. If we
again restrict ourselves to only the terms involving the particular polarization combinations
E1 and E2, the O(k4) contribution of the 4-point amplitude is found to be
Atree4g = 3g2s
{(
− 1
2
s2 + t2
)
E1 + u
2E2
}
≡ 3g2sKtree4g (8)
2
Comparing this amplitude with the effective Lagrangian L, one realizes that there is no com-
bination of curvature squared terms (5),(6) and (7) that reproduces the kinematic structure
of Atree4g . This fact is not surprising since string amplitudes include 1PR exchange graphs
with massless poles as well as 1PI graphs. It follows that one has to perform the appropriate
field theory subtractions in order to relate the string result to the effective action. This will
be done for the tree and the 1-loop amplitudes in the next section.
Proceeding in a similar fashion to the genus-zero case, we now go to the one-loop level
and calculate both the 3- and 4-point graviton amplitudes on a world-sheet torus for the
heterotic string in d = 4 with a given vacuum. The general expression for the CP even
n-point amplitude is [13, 15]
Aevenn = gns
∑
(s1,s2)
even
(−)s1+s2
∫
τ∈Γ
d2τ
τ2
Z(τ, τ¯ , s)
∫ n∏
i=1
d2zi〈
n∏
i=1
V (0)(zi, z¯i)〉s (9)
where s = (s1, s2) characterizes the spin structures, which take the values 0 and 1 for the NS
and R sectors, respectively. The integration region for the modulus of the torus τ = τ1+ iτ2
is the fundamental region Γ = {τ | |τ1| ≤ 12 , |τ | ≥ 1}. The factor (−)s1+s2 comes from the
fermionic partition function Zψ in the light cone gauge by demanding that the sum over the
spin structures of Zψ is modular invariant. Z(τ, τ¯ , s) is the partition function in light cone
gauge for the heterotic string, given by
Z(τ, τ¯ , s) = Tr
(
(−)s2F qH− 12 q¯H¯−1
)
= ZψZXZX0Zint (10)
where F is the fermion number and q = e2πiτ . ZX0 =
1
2(2π)4τ22
is the contribution from the
bosonic zero modes, ZX =
1
|η(τ)|4
is the bosonic partition function where the Dedekind η
function is defined as η(τ) = q1/24
∏∞
n=1(1− qn), and the partition function for one complex
fermion in the light cone gauge is Zψ =
ϑα(0,τ)
η(τ)
where ϑα are the Riemann theta functions
for α = 2, 3, 4 corresponding to the spin structures (s1, s2) = (1, 0), (0, 0), (0, 1) respectively.
The term Zint is the partition function for the six-dimensional internal compact manifold.
The super-ghost charges in the CP even part of the string amplitude have to add up to
zero. Therefore, the vertex operators are taken to be in the zero ghost picture V (0). In this
picture, the graviton vertex operator looks like:
V (0)g (z, z¯) =: ǫµν ∂¯X
µ
(
∂Xν + ik · ψψν
)
eik·X : (11)
Here Xµ are the free world-sheet bosons and ψµ the left-moving supersymmetric partners.
Let us start by calculating the O(k2) piece of the 3-point graviton amplitude, which is
associated to the R term. We expand the three-point correlation function of three-graviton
vertex operators in the zero ghost picture using Wick contractions. By supersymmetry, terms
that are independent of the spin structure give zero after summing over spin structures.
Contractions of the exponential eik·X give 〈: ∏j eikj ·Xj :〉 = ∏i<j |χij|1/2 ki·kj where we have
set α′ = 1
2
and
χij ≡ χ(zij , τ) = 2πe−π(Imzij)2/Imτ2
∣∣∣∣∣ϑ1(zij , τ)ϑ′1(0, τ)
∣∣∣∣∣ (12)
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which is related to the bosonic Green function on the torus by GBij = −14 ln |χij|2. To get
the whole kinematic structure of
√
gR as in expression (2), one also has to take into account
contributions coming from the O(k4) terms by a ‘pinched off’ integration [13, 14, 15]. These
terms arise in the limiting case zij → 0, for which we get
|χij|2 → |zij |2 , ∂¯GBij → −
1
4z¯ij
, ∂GBij → −
1
4zij
(13)
The world-sheet integral over the region |zij | < ǫ then yields a pole in ki · kj, after analytic
continuation: ∫
|zij |<ǫ
d2zij
|zij |1/2 ki·kj
16|zij|2 ≃
4π
16 ki · kj . (14)
where we assumed that 1
2
|ki · kj | ≪
∣∣∣ 1
ln ǫ
∣∣∣. After performing one world-sheet integration we
get the following O(k2) expression:
∫ 3∏
i=1
d2zi 〈V (0)g (zi, z¯i)〉
∣∣∣
O(k2)
≃
∫
d2z1
∫
d2z2(G
F
23)
2∂¯2GB12[(k2ǫ
1k2)(ǫ
2ǫ3) + 2(k3ǫ
2ǫ3ǫ1k2)] + cyclic perm. (15)
where GFij = G
F (zij) and G
F (z) = 1
4
ϑ′1(0,τ)ϑα(z,τ)
ϑα(0,τ)ϑ1(z,τ)
is the fermionic Green function on the
torus. If we use the fact that (GF )2 can be expressed as
(GF (z))2 =
1
16
(
−∂2 lnϑ1(z, τ) + 4πi∂τ ln η(τ)− eα
)
(16)
where eα = −4πi∂τ lnZψ, we can replace (GF )2 by the spin dependent part (−eα16 ) because
the other two terms of (GF )2 will yield a zero result for the amplitude after summing over
even spin structures. Therefore, there remains only one world-sheet integral to be done. But
since ∫
d2z ∂¯GB =
∫
d2z ∂¯2GB = 0 (17)
we find that the one-loop coupling in front of
√
gR vanishes. This means that there is no
renormalization of Newton’s constant for heterotic strings in d = 4, a fact which was also
noted in [1] and [16], whereas for type II strings in d = 4 it does get renormalized at one-
loop string level, because the fermionic zero modes can be saturated by contracting left- and
right-moving fermions [16].
We now turn to the curvature squared terms and calculate the O(k4) terms of the one-
loop 4-graviton amplitude for a d = 4 heterotic string. By doing so, we hope to determine
whether or not the coefficients of the curvature squared terms of the one-loop effective action
can be uniquely fixed. The four graviton vertex correlation function is:
〈
4∏
i=1
V (0)g (zi, z¯i)〉 =
∏
i<j
|χij |1/2 ki·kj (X(k, ǫ, z) + Y (k, ǫ, z) + Z(k, ǫ, z)) (18)
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where X(k, ǫ, z), Y (k, ǫ, z) and Z(k, ǫ, z) are polynomials of k, ǫ and bosonic- and fermionic
Green functions, including a 4, 6 and 8 fermion correlation function, respectively.
If we concentrate on O(k4) contributions, we also have to expand the contractions of the
exponential ∏
i<j
|χij |1/2 ki·kj = 1−
∑
i<j
ki · kjGBij +
1
2
(
∑
i<j
ki · kjGBij)2 − . . . (19)
which is valid only if |zij | > ǫ because of the singularity of GB at the origin. For zij → 0 one
has to use the pinched off integration.
Performing the world-sheet integrals one realizes that many of the integrals give a zero
result because of (17). Further, integrals such as
∫
d2z1∂¯
2
1G
B
12 cs(2Kz12) cs(2Kz13) also vanish
as a result of the (quasi) periodicity of the Jacobi elliptic function cs(2Kz), where K =
π
2
ϑ23(0, τ) and which is defined as cs(2Kz) =
ϑ2(z,τ)ϑ4(0,τ)
ϑ1(z,τ)ϑ3(0,τ)
. So cs(2Kz) is related to the
fermionic Green function for α = 2. Finally, we find that the E1 and E2 dependent part of
the one-loop string amplitude is
Aeven4g = −
3
2
g4sK
1−loop
4g
∑
s even
(−)s1+s2
∫
d2τ
τ2
Z(τ, τ¯ , s)
∫ 4∏
i=1
d2zi (G
F
34)
2v2(∂¯GB34)
2 (20)
where v = π
4τ2
and K1−loop4g = [−s2E1 + (2s2 + u2)E2]. The remaining world-sheet integral is
given by the following result
∫
d2z(∂¯GB(z))2 = −iπτ2
8
∂τ¯ ln(τ2η¯
2) = − τ2
16
Gˆ2(τ¯ ) (21)
where we used the heat equation and periodicity of ϑ1(z, τ), and the Eisenstein function of
weight 2, Gˆ2(τ) = G2(τ)− πImτ . Thus we get for the amplitude
Aeven4g = −
6i
π
( gs
16
)4
K
1−loop
4g
∑
s even
(−)s1+s2
∫
d2τ
τ2
1
|η(τ)|4Zint ∂τZψ Gˆ2(τ¯ ) (22)
Note that K1−loop4g 6= Ktree4g . Thus either the one-loop corrections to the effective action are
not proportional to the tree-level effective action, or the one-loop string amplitude contains
different field theory subtractions.
The τ integral can be performed after fixing the internal sector, as, for example, a sym-
metric orbifold. This will be done after the field theory subtraction.
3. Field Theory Comparison
In the previous section, we computed 4-point string amplitudes and obtained particular
kinematic structures for the O(k4) parts. As we already mentioned, no combination of
curvature squared terms that are expanded to the order h4 can reproduce either Ktree4g or
K
1−loop
4g . The way to proceed is to take the Lagrangian in (1), calculate all possible field
theory contact and exchange graphs that contribute to O(k4), and subtract them from the
string amplitude expression to get the 1PI effective action.
5
To do this we introduce h¯µν as an off-shell graviton field. That is, unlike hµν which is
constrained to satisfy the equation of motion, h¯µν is an arbitrary fluctuation. We deter-
mine the vertices for two on-shell and one off-shell field. Expanding the scalar curvature√
gR
∣∣∣
h2h¯
= h¯µνVR we get the vertex
VR =
3
8
ηµν(h,ρ h,
ρ )− 1
4
(h,µ h,ν )− 1
2
(h h,µν )− 1
2
hµα,ρ h
ν
α,
ρ+ . . . (23)
For the moment we are only interested in terms having the form (h,µ h,ν ), (h,µν h),
hµα,ρ h
ν
α,
ρ and (h,α h,
α ) because in exchange graphs it will be these terms that contribute
to those kinematic terms depending on E1 and E2, which we picked out for the comparison
with the 4-graviton string amplitude. The vertex for Rµρν
σRµρνσ can be obtained by taking√
gRµρν
σRµρνσ
∣∣∣
h2h¯
= h¯µνV
µν
(Rµρνσ)2
, the vertex for RµνR
µν by
√
gRµνR
µν
∣∣∣
h2h¯
= h¯µνV
µν
(Rµν)2
and
the R2 vertex by
√
gR2
∣∣∣
h2h¯
= h¯µνV
µν
(R2). We find
V
µν
(Rµρνσ)2
=
1
2
ηµν(h,ρσ h,ρσ )− 5(hµα,ρσ hνα,ρσ )− (h,µν ρ h,ρ ) + . . . (24)
V
µν
(Rµν)2
= (h,µρ h,ν ρ) +
1
2
(h,ρ h,µν ρ)− (hµα,ρσ hνα,ρσ ) + . . . (25)
V
µν
(R2) = 3(h,
µρ h,ν ρ) + 3(h,
ρ h,µν ρ)− 3ηµν(h,αρ h,αρ ) + . . . (26)
Having defined the vertices, we now introduce the internal propagator for the exchange
graphs. Expanding (1) to quadratic order and inverting the kernel, one finds the following
propagator
Dµνρσ = −
{
P (2)µνρσ
k2(1 + k2(b+ 4a))
− P
(0)
µνρσ
2k2(1 + 2k2(−3a− b− 3c))
}
(27)
where P (2)µνρσ and P
(0)
µνρσ are transverse projectors for spin-2 and spin-0, respectively
P (2)µνρσ =
1
2
(θµρθνσ + θµσθνρ)− P (0)µνρσ (28)
P (0)µνρσ =
1
3
θµνθρσ (29)
where θµν = ηµν − ωµν and ωµν = ∂µ∂ν✷ . We expand the propagator for small momenta and
get Dµνρσ = Πµνρσ + Π˜µνρσ, where the first term is the usual graviton propagator
Πµνρσ = − 1
k2
(
P (2)µνρσ −
1
2
P (0)µνρσ
)
(30)
and the second term is a correction to the graviton propagator:
Π˜µνρσ = (b+ 4a)P
(2)
µνρσ + (a+ b+ 3c)P
(0)
µνρσ. (31)
We can now calculate the field theory exchange graphs using Π and Π˜ as internal prop-
agators. The four-graviton tree-level amplitude is reproduced by a tree-level contact graph
Fig.1 and tree-level exchange graphs Fig.2.
6
hh
h
h
Figure 1: Tree-level contact graph: Q
h
h
h¯
h
h
Figure 2: Tree-level exchange graph: VqΠVR and VRΠ˜VR
The fourth-order contribution to the tree level contact term is given by
Q =
√
g{a RµρνσRµρνσ + b RµνRµν + c R2}
∣∣∣
h4
= s2E1
(
− a
4
+
b
8
+
9
16
c
)
+ t2E1
(a
8
+
b
16
)
+ s2E2
(3
2
a +
b
4
)
+
a
8
u2E2 + · · · (32)
The exchange graph gives rise to two terms of the order O(k4). The first one contains
the corrected propagator Π˜, giving, isloating the E1 and E2 terms,
V
µν
R Π˜µναβV
αβ
R = s
2E1
(
− a
16
+
b
8
+
9
16
c
)
+ t2E1
b+ 4a
16
+ s2E2
b+ 4a
4
+ · · · (33)
and the second exchange diagram has the usual graviton propagator as the internal propa-
gator
V µνq ΠµναβV
αβ
R = s
2E1
(a
4
− b
4
− 9
8
c
)
+ t2E1
(
− a
4
− b
8
)
+ s2E2
(
− 5
2
a− b
2
)
+ · · · (34)
where V µνq = aV
µν
(Rµρνσ)2
+ bV µν(Rµν )2 + cV
µν
(R2) is the vertex for the quadratic curvature terms. If
we add up everything, retaining only the E1 and E2 terms, we get the following result,
Q+ V µνR Π˜µναβV
αβ
R + V
µν
q ΠµναβV
αβ
R =
a
8
{(
− 1
2
s2 + t2
)
E1 + u
2E2
}
=
a
8
Ktree4g (35)
This result tells us that tree-level string amplitudes are reproduced by the Riemann squared
term only and that the coefficients b and c, which are associated with the Ricci squared
and the scalar curvature squared term respectively, do not appear. They cancel during
7
the summation over contact and exchange diagrams. It follows that the on-shell string
amplitudes do not fix a particular combination of curvature squared terms.
Before discussing the consequences of this result, let us consider the situation for the
genus-one case. Similar to tree level, there is also one contact term, Fig.3, which gives
(∆grQ), where
∆gr =
1
iπ
∑
s even
(−)s1+s2
∫
d2τ
τ2
1
|η(τ)|4 Zint ∂τZψ Gˆ2(τ¯ ) (36)
is replacing the blob representing one-loop 1PI processes.
h
h
h
h
Figure 3: 1-loop-level contact graph: (∆grQ)
There is no wavefunction renormalization of on-shell external legs, because we have√
gR
∣∣∣
hh¯
= 0,
√
gRµρν
σRµρνσ
∣∣∣
hh¯
= 0 and the same is true for the Ricci squared and the
scalar curvature squared term. Hence, Fig.4 does not contribute to the curvature squared
term in the effective action.
h
h
h¯
h
h
Figure 4: Wavefunction renormalization of external legs
Furthermore, we have one contribution from Fig.5 which is given by (∆grV˜
µν
q )ΠµναβV
αβ
R ,
where the factor 1
2
reflects the fact that there is no renormalization of Newton’s constant
and V˜ µνq stands for the one-loop curvature squared term with one-loop coefficients a, b and
c.
Finally there are three terms of the order O(k4) coming from a diagram with an in-
ternal blob like Fig.6. Before giving the explicit expression of these terms, we compute
the kinematic expression for the field theory two-point function with two external off shell
legs h¯ for various curvature terms. The expansion of
√
gR
∣∣∣
h¯2
gives (V¯R)µνρσ =
s
4
Πµνρσ and
8
hh
h¯
h
h
Figure 5: Contribution from: (∆gr V˜q)ΠVR
h
h
h¯ h¯
h
h
Figure 6: Contributions from: VqΠ(∆grV¯R)ΠVR and VRΠ(∆grV¯R)Π˜VR and VRΠ(∆grV¯q)ΠVR
√
g{aRµρνσRµρνσ + bRµνRµν + cR2}
∣∣∣
h¯2
leads to (V¯q)µνρσ =
s2
4
Π˜µνρσ. The term
V αβq Παβµν(∆grV¯
µνγδ
R )ΠγδρσV
ρσ
R (37)
does not give any contribution to the one-loop effective action because of the tree level vertex
V αβq depends on tree-level coefficients. There are two more O(k4) contributions, namely
V
αβ
R Παβµν(∆grV¯
µνγδ
R )Π˜γδρσV
ρσ
R = −
∆gr
4
{
(b+ 4a)(VR)ρσV
ρσ
R −
(b+ 5a− c)
4
V 2R
}
(38)
V
αβ
R Παβµν(∆grV¯
µνγδ
q )ΠγδρσV
ρσ
R =
∆gr
4
{
(b+ 4a)(VR)ρσV
ρσ
R −
(b+ 5a− c)
4
V 2R
}
(39)
These two exchange graphs cancel against each other. Adding up the exchange graphs with
one blob at the three point vertex and the contact term, we get
(∆grQ) +
1
2
(∆grV˜
αβ
q )ΠαβρσV
ρσ
R = ∆gr
{a
8
(−s2E1 + (2s2 + u2)E2)
}
(40)
= ∆gr
a
8
K
1−loop
4g (41)
The only one-loop coefficient that survives the field theory subtractions is, as in the tree-
level case, a, the coefficient of
√
gRµρν
σRµρνσ. All other coefficients cancel against each
other. Therefore, at the genus-one level, as in the genus-zero case, the coefficients b and c
are not determined. They remain completely ambiguous. Thus, for example, the topological
Gauß-Bonnet (GB) term, which has b = −4a and c = a, and the CµρνσCµρνσ term, with
b = −2a and c = −1
3
, produce the same kinematic expression in the string S matrix.
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Thus we learn that on-shell string amplitudes can only fix the coefficient of
√
gRµρν
σRµρνσ
as an unambiguous coefficient, whereas the coefficients of
√
gRµνR
µν and
√
gR2 are com-
pletely ambiguous. They cancel when considering both contact and exchange graphs and
the situation for the genus-1 case is exactly the same as for the genus-0 case. We expect this
situation to continue at any higher genus as well. We conclude that one could use any one
of a continuously infinite set of curvature squared terms, indexed by arbitrary coefficients
b and c, in the string effective action, because the string S matrix would see no difference
between them. This means that field redefinitions are a symmetry of the perturbative string
S matrix. This is precisely the content of the equivalence theorem [20], [19], [18], [21], which
claims that, for example, redefining the metric g˜µν = gµν + c1Rµν + c2 gµνR will change the
coefficients b and c of the effective Lagrangian L so that δa = 0, δb = c1 and δc = − c12 − c2,
but does not change the S matrix; that is S = S˜. Our results explicitly verify previous re-
sults on field redefinitions. We also show exactly how this ambiguity arises within individual
genus-zero and genus-one amplitudes.
It is important to emphasize that an effective action with only a GB term, for example,
is physically different from an effective action involving R2 or Cµρν
σCµρνσ. In the pure GB
case, the theory represents only a spin-2 graviton whereas the R2 case has , in addition to the
spin-2 graviton, an additional ghost-free scalar degree of freedom. Similarly, a Cµρν
σCµρνσ
term in the effective action would add a symmetric tensor of ghost-like fields to the spectrum.
These effective actions are physically inequivalent, and it is not possible to change one into
the other by a field redefinition or any other means. It is therefore of importance to know the
complete higher-derivative structure of the superstring effective action. Unfortunately, the
results of this paper show that it is not possible to determine this structure by computing
on-shell, S-matrix string amplitudes. Such computations can always be reproduced by an
infinite number of effective actions indexed by coefficients b and c, and this ambiguity can
never be resolved in this manner. This does not mean, however, that one can use field
redefinitions to choose some convenient higher-derivative action, such as pure GB. It simply
means that one would have to perform some kind of off-shell superstring calculation, such as
in string field theory, to exactly determine the structure of the higher-derivative gravitational
terms.
4. Gravitational Threshold Corrections for Symmetric Orbifolds
Moduli-dependent threshold corrections have been discussed in [1], [2], [6], by calculating a
CP odd amplitude. Since we are interested in the kinematic structure of the CP even part
of the effective action corresponding to moduli dependent gravitational corrections, we now
want to calculate the CP even string amplitude including four graviton vertex operators and
one modulus vertex
V
(0)
T (z, z¯) =: vIJ ∂X
I(∂XJ + ik · ψψJ) eik·X : (42)
where vIJ = ∂T (GIJ + BIJ), GIJ is the metric and BIJ the antisymmetric tensor of the six
dimensional internal compact manifold. The five-point amplitude is
〈Π4i=1V (0)g (zi, z¯i) V (0)T (z5, z¯5)〉 = vIJ〈∂¯XI∂XJ〉〈Π4i=1V (0)g (zi, z¯i)〉 (43)
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which can be computed to give the result
Aeven4g1T =
6g5s
164
vIJ K
1−loop
4g
∫
d2τ BIJgr (τ, τ¯) (44)
where
BIJgr (τ, τ¯) =
1
iπ
〈∂¯XI ∂XJ〉 ∑
s even
(−)s1+s2 1|η(τ)|4 Zint ∂τZψ Gˆ2(τ¯). (45)
It is only the N = 2 sector that gives a non-vanishing contribution to BIJgr , because in this
sector the zero modes of XI can be saturated.
If we write BIJgr (τ, τ¯) = 〈∂¯XI∂XJ〉 Bgr(τ, τ¯) we have a similar expression to the threshold
corrections to gauge couplings [6]. Therefore, we can express Bgr in factorized form as
Bgr = Ztorus(τ, τ¯ ) Cgr(τ¯), where Ztorus = ∑pL,pR∈Γ2,2 qp2L/2q¯p2R/2 is the partition function of the
zero modes of XI and Γ2,2 is an even self dual Lorentzian lattice. The coupling appearing
in the five-point amplitude is thus
∂T∆gr =
1
iπ
∫
d2τ
2πτ2
∂TZtorus Cgr(τ¯ ) (46)
If we apply ∂T¯ on both sides of this equation and use the fact that
∂T¯∂TZtorus =
4τ2
(T + T¯ )2
∂τ¯∂τ (τ2Ztorus) (47)
[1], we can perform the τ integral which becomes a contour integral around the fundamental
region.The only non-vanishing contribution comes from the τ2 → ∞ region, because of the
modular invariance of the integrand. Thus we get directly the result
∂T¯∂T∆gr =
bgr
π2(T + T¯ )2
(48)
where bgr = limτ2→∞ Bgr is the trace anomaly for the N = 2 sector. Integrating the last
expression yields to the gravitational coupling of the curvature squared terms
∆gr(T, T¯ ) = −bgr
π2
ln
(
|η(iT )|4(T + T¯ )
)
(49)
If we now use the results of the last section, we know that the moduli dependent threshold
correction ∆gr is the coefficient of
√
gRµρν
σRµρνσ. There could also be RµνR
µν or R2 terms
whose coefficients are ambiguous and cannot be determined by string amplitude calculations.
Therefore, this part of the one-loop string effective Lagrangian is given by
L = √g∆gr(RµρνσRµρνσ + b RµνRµν + c R2) (50)
As discussed above, it would require some sort of off-shell superstring calculation to fix the b
and c coefficients uniquely. Expression (50) is the best that one can compute using on-shell
string amplitudes.
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